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Abstract
A novel function for modified gravity is proposed, f(R, T ) = R+λR2 + 2β ln(T ), with
constants λ and β, scalar curvature R, and the trace of stress energy tensor T , satisfying
T = ρ− 3p > 0. Subsequently, two equations of state (EoS) parameters, namely ω and a
parametric form of the Hubble parameterH, are employed in order to study the accelerated
expansion and initial cosmological bounce of the corresponding universe. Hubble telescope
experimental data for redshift z within the range 0.07 ≤ z ≤ 2.34 are used to compare the
theoretical and observational values of the Hubble parameter. Moreover, it is observed that
all the energy conditions are fulfilled within a neighborhood of the bouncing point t = 0,
what shows that the necessary condition for violation of the null energy condition, within
a neighborhood of the bouncing point in general relativity, could be avoided by modifying
the theory in a reasonable way. Furthermore, a large amount of negative pressure is found,
which helps to understand the late time accelerated expansion phase of the universe.
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1 Introduction
At the end of the past century, the accelerated expansion of our universe was discovered by
different cosmological surveys [1–3]. This finding was considered as one of the most important
discoveries of the 20th century. Strenuous research has been going on since then, on this subject;
however, the cause of this acceleration still remains unclear. New theories and modifications
of the general theory of relativity have been suggested to explain the cosmic acceleration. In
particular, two alternative possibilities have been intensively studied: either the universe con-
tains an enormous amount of dark energy or the theory of general relativity breaks down at
cosmological scales [4].
The general theory of relativity can be modified in many different ways [5–9]. A comprehen-
sive review on several modifications of general relativity and their cosmological consequences
over the past few decades has been presented in [10]. The scalartensor theories of gravity are
well studied modified theories of gravity, in the literature, which arise in the form of dimension-
ally reduced effective theories of higher dimensional theories [11, 12]. Fourth-order theories of
gravity generalize the action with the replacement of the scalar curvature, R, in the Einstein
gravitational action by an arbitrary function, f(R), with R remaining the leading order contri-
bution to f(R) and are referred to as f(R) theories of gravity [13–15]. These modified theories of
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gravity have gained ample consideration for its capability to elucidate the accelerated expansion
of the universe [16]. In the early 1980s, Starobinsky [17] discussed a most simple f(R) model,
by taking f(R) = R + αR2, with α > 0, which is considered today as representing the first
ever found inflationary scenario for the universe (and one of the most natural and successful).
The scenario to unify inflation with dark energy in a consistent way was proposed in [18]. A
simplification of f(R) gravity suggested in [19] integrates an unambiguous coupling between the
matter Lagrangian and an arbitrary function of the scalar curvature, which leads to an extra
force in the geodesic equation of a perfect fluid. The description of cosmic acceleration by the
modification of gravity at small curvature described by higher order differential equations may
suffer violent instabilities [20]. Subsequently, it is shown that this extra force may provide a
justification for the accelerated expansion of the universe [21–23]. The dynamical behavior of
the matter and dark energy effects have been obtained, within extended theories of gravity,
in [24–27]. Apart from that, recently many authors have studied the dynamics of cosmological
models in f(R) gravity from various directions [28–47]. Unsurprisingly, however, a viable f(R)
theory must fulfill very strict constraints. For example, solar system tests have ruled out a good
deal of the f(R) models suggested so far [48]. Nevertheless, a number of realistic consistent
f(R) gravity models which pass the solar tests were proposed in [49–51].
Further, modified Gauss-Bonnet (GB) gravity is an another theory of gravitation which is
also called as f(G) theory of gravity, where f(G) is a general function of GB invariant G [52].
A modification of GB theory is f(G, T ) gravity, which includes the matter contribution through
the trace of the stress-energy tensor T [53]. This theory is used to find the exact solutions
and compute the physical quantities in the context of an anisotropic model [54]. This theory
has been investigated in several other aspects [55–57]. Apart from these, the class of f(R, T )
theories have gained much attention to explain the accelerated expansion of the universe [58]. In
these theories the matter term is included in the gravitational action, in which the gravitational
Lagrangian density is an arbitrary function of both R and T . The random requirement on T
embodies the conceivable contributions from both non-minimal coupling and unambiguous T
terms.
Many functional forms of f(R, T ) models have been studied for the derivation of cosmolog-
ical dynamics in different contexts. The split-up case, f(R, T ) = f1(R) + f2(T ), has received a
lot of attention because it is simple and one can explore the contribution from R without speci-
fying f2(T ) and, similarly, the contribution from T without specifying f1(R). Reconstruction of
f(R, T ) gravity in such separable theories is studied in [59]. A non-equilibrium picture of thermo-
dynamics at the apparent horizon of the (FLRW) universe was discussed in [60]. Subsequently,
many authors have been studying in depth this particular form of f(R, T ) = f1(R) + f2(T ),
to match different aspects of the cosmological dynamics with observations [61–89]. Bouncing
cosmology in the framework of f(R, T ) gravity have been studied in [90] by defining a particular
form of the Hubble parameter in a flat, homogeneous and isotropic model.
The motivation of this paper is to study a simple and very interesting form of f(R, T )
gravity model, indeed a new functional form, defined as f(R, T ) = R + λR2 + 2β ln(T ), where
λ, β are constant and T = ρ − 3p > 0. From the above choice of f(R, T ) model, the term
ρ − 3p must be positive, for the function f(R, T ) to be well defined. Therefore, the constraint
2
ρ − 3p > 0 is mandatory. Subsequently, we will be able to affirm that ρ + 3p > 0, provided
p > 0; now, if we are able to show in what follows that ρ > 0, then all energy conditions, i.e.,
the Null Energy Condition (NEC), the Weak Energy Condition (WEC), and the Strong Energy
Condition (SEC), will be satisfied; and consequently, we will be able to assure that our model
does not contain any exotic type of matter, for this particular choice of the f(R, T ) function.
In this paper, we use the natural system of units G = c = 1.
2 The background of f (R, T ) gravity
The f(R, T ) theory was first introduced, in 2011, by Harko et al. [58]. These authors extended
standard general theory of relativity by modifying the gravitational Lagrangian. The gravita-
tional action in this theory is given by
S = SG + Sm =
1
16pi
∫
f(R, T )
√−gd4x+
∫ √−gLd4x, (1)
where f(R, T ) is taken to be an arbitrary function of R and T . Here, R is the Ricci scalar and
T is the trace of the energy momentum tensor Tµν . The matter Lagrangian density is denoted
by L and the energy momentum tensor is defined in terms of the matter action as follows [91]:
Tµν = −2δ(
√−gL)√−gδgµν , (2)
which yields
Tµν = gµνL − 2 ∂L
∂gµν
. (3)
The trace T is defined as T = gµνTµν . Let us define the variation of T with respect to the metric
tensor as
δ(gαβTαβ)
δgµν
= Tµν + Θµν , (4)
where Θµν = g
αβ δTαβ
δgµν
. Varying the action (1) with respect to the metric tensor gµν ,
fR(R, T )Rµν−1
2
f(R, T )gµν+(gµν−OµOν)fR(R, T ) = 8piTµν−fT (R, T )Tµν−fT (R, T )Θµν , (5)
where fR(R, T ) ≡ ∂f(R, T )
∂R
and fT (R, T ) ≡ ∂f(R, T )
∂T
. Note that, if we take f(R, T ) = R and
f(R, T ) = f(R), then the equations (5) become the Einstein field equations of general relativity
and f(R) gravity, respectively. In the present work, we assume that the stress-energy tensor is
defined as
Tµν = (p+ ρ)uµuν − pgµν , (6)
and the matter Lagrangian can be taken as L = −p. The four velocity uµ satisfies the conditions
uµu
µ = 1 and uµOνuµ = 0. If the matter source is a perfect fluid, then Θµν = −2Tµν − pgµν .
In this study, we shall consider f(R, T ) = f(R) + 2f(T ), where f(R) is a function of R and
f(T ) is a function of the trace of the energy momentum tensor, i.e. T = ρ− 3p.
3
3 f (R, T ) = R + λR2 + 2β ln(T ) and field equations
In this paper, the novel f(R, T ) function is defined as
f(R, T ) = R + λR2 + 2β ln(T ), (7)
where λ, β are constants and T = ρ − 3p > 0. The dimensions of λ and β are [Time]2 and
[Time]−2, respectively. The units of λ and β are taken as sec2 and sec−2.
From the above choice of f(R, T ), we come to know that ρ− 3p > 0, otherwise the function
f(R, T ) would not be well defined. Therefore, ρ − 3p > 0 is mandatory. Subsequently, we
can say that ρ + 3p > 0, provided p > 0. Now, if we are able to show that ρ > 0, then all
energy conditions will be satisfied, namely the Null Energy Condition (NEC), the Weak Energy
Condition (WEC), and the Strong Energy Condition (SEC). Consequently, we will be able to
say that our model does not contain any exotic type of matter for this particular choice of the
f(R, T ) function. The spacetime of the model is assumed to be the flat Fiedmann-Lemaitre-
Robertson-Walker (FLRW) metric, which is defined as
ds2 = dt2 − a2(t)(dx2 + dy2 + dz2). (8)
Using Eqs. (6), (7) and (8) in the field equation (5), the explicit form of the field equations are
obtained as
3
(
a˙
a
)2
− 18λ
a4
[a¨2a2 + 2a˙
...
aa2 − 5a˙4 + 2aa˙2a¨] = 8piρ+ 2β ρ+ p
ρ− 3p − β ln(ρ− 3p) (9)
and
2a¨
a
+
(
a˙
a
)2
− 6λ
a4
[
5a˙4 − 12aa˙2a¨+ a2a¨2 + 4a2a˙...a + 2a3....a
]
= −8pip− β ln(ρ− 3p), (10)
where the overhead dot denotes the derivative with respect to time ‘t’.
By taking λ = 0, the field equations (9) and (10) reduce to
3
(
a˙
a
)2
= 8piρ+
2β(ρ+ p)
ρ− 3p − β ln(ρ− 3p), (11)
2a¨
a
+
(
a˙
a
)2
= −β ln(ρ− 3p)− 8pip. (12)
The covariant divergence of (5) implies
OµTµν =
fT (R, T )
8pi − fT (R, T )
[
(Tµν + Θµν)Oµ ln fT (R, T ) + OµΘµν − 1
2
gµνOµT
]
, (13)
which is not equal to zero. It happens due to the presence of higher order derivatives of the
energy-momentum tensor in the field equations. Hence the theory might be plagued by diver-
gences at astrophysical scales. It looks to be a problem with some other higher order derivatives
theories as well that contain higher order terms of energy-momentum tensor. Nevertheless, to
deal this problem, one can put some constraints to Eq. (13) to obtain standard conservation
equation [53].
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4 Model investigations
Nowadays, the bouncing problem is one of the fascinating parts of the study of cosmological
dynamics in modified gravity, because the big bang singularity could be avoided by a big bounce
[92,93]. The indication of the bouncing universe is: the size of the scale factor is contracted to
a finite volume, not necessarily zero, and then blows up. Subsequently, it delivers a conceivable
solution to the singularity problem of the standard big bang model. To become a bounce, there
must be some finite point of time at which the size of the universe attains minimum. Let us
take this time to be t = t0. As per the fundamental rule of differential calculus, a function
‘f ′ attains minimum at say t = t0, provided f satisfies f˙(t0) = 0 and f¨(t0) > 0. Hence, the
behavior of the scale factor at t0 must be a˙(t0) = 0 and a¨(t0) > 0. Precisely we can say that,
if t0 is a bounce point, then the scale factor a(t) decreases, i.e. a˙(t) < 0, for t < t0 and the
scale factor a(t) increases, i.e. a˙(t) > 0, for t > t0, locally. Equivalently in the bouncing model
the hubble parameter H runs across zero from H < 0 to H > 0 and H = 0 at the bouncing
point. Subsequently, for bouncing problem, we must required a(t) > a(t0) for t 6= t0 locally. In
addition to that, the violation of the Null Energy Condition (NEC) is required for a period of
time inside the neighbourhood of the bounce point in general relativity within the frame-work
of spatially flat 4-dimensional FLRW model. Furthermore, the EoS parameter ω of the matter
content present in the universe must experience a phase switch from ω < −1 to ω > −1, to
enter into the hot big bang age after the bounce [92, 93]. Note that bounces in f(R) gravity
were investigated in [94–97].
Cai et al. [93] studied a bouncing universe filled with Quintom matter which is described by
the EoS w(t) = −r − s
t2
, where r and s are the parameters with r < 1 and s > 0. Here, we
are motivated by their work and defined EoS of two different types, which represent Quintom
matter, to study the bouncing scenarios of the universe in modified gravity. The intention of this
section is to study the various cosmological dynamics under bouncing situations by defining two
new equation of state (EoS) parameters and one new prametrized form of the Hubble parameter.
Let us start with a study on the possibility of obtaining the bouncing solution described by
the following EoS:
ω(t) = −k ln(t+ )
t
− 1, (14)
where  is very small and k is any arbitrary constant. We see from Eq. (14) that ω varies from
negative infinity at t = 0 to the cosmological constant at t = 1− , and crosses this boundary,
eventually it comes back to again cosmological constant for t→∞.
To study the bouncing solution of cosmological models, we define one more EoS as follows:
ω(t) =
r
ln t
− s, (15)
where r and s are parameters, we require r < 0 and s > 0. We see from Eq. (15) that ω varies
from negative at t = 0 to the cosmological constant at t = e
r
s−1 , and crosses this boundary,
eventually it comes back to again cosmological constant for t→∞ and s = 1.
Now, we would like to define the parametric form of the Hubble parameter H that describes
the expansion of the universe and helps us to accomplish some remarkable bouncing solutions.
We parametrize the functional form of the Hubble parameter, which is defined as
H(t) = α sin(ξt)h(t), (16)
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Figure 1: Hubble parameter H(t) versus t: We have considered two bouncing points, one is
t = 0 and the second one is t = 3.2. At the bouncing point t = 0, the Hubble parameter attains
zero. It has negative values for t < 0 and positive values for t > 0. The behavior of the Hubble
parameter is the same near the second bounce point, as well. For this plot, ξ = 2, ζ = −.0001
and α = 1 are taken.
where ξ and α are arbitrary constants, and h(t) is any smooth function. Looking at the novel
proposed form of the Hubble parameter, we can observe that the trigonometric function sin(kt)
vanishes at t = 0, pi
k
, 2pi
k
, · · · , npi
k
, implying that the scale factor must take a constant value at
these points and the second function h(t) should not vanish at those points. Now, we will have
to choose h(t), which could be any algebraic, rational, exponential, transcendental, or periodic
function, in such a way that it should be smooth and non-vanishing at those points. In our
study, we consider a specific form of h(t), which is defined as
h(t) = eζt, (17)
where ζ is any arbitrary constant. Hence, the complete parametrize form of the Hubble param-
eter H(t) is as follows:
H(t) = α sin(ξt)eζt. (18)
The evolution of the scale factor a(t) comes out be
a = κ exp
(
α
eζt[ζ sin(ξt)− ξ cos(ξt)]
ζ2 + ξ2
)
, (19)
where κ is an integration constant.
From Eqs. (18) and (19), we observe that the Hubble parameter H(t) vanishes at t =
0, pi
k
, 2pi
k
, . . . , npi
k
, so we can choose t = 0 as one bouncing point. One can see that our solution
provides a picture of evolution of the universe with a contracting phase for t < 0, and then
bouncing at t = 0 to the expanding phase for t > 0.
We would like to investigate the model defined in the preceding section for two different cases:
6
Figure 2: Scale factor a versus t: Here, we have considered two bouncing points, one is t = 0
and the second one is t = 3.2. At the bouncing point t = 0, the scale factor a attains a minimum
and the scale factor a(t) > a(0), for t 6= 0. Consequently, the scale factor decreases for t < 0,
i.e. a˙(t) < 0, for t < 0 and increases for t > 0, i.e. a˙(t) > 0, for t > 0. The behavior of the
scale factor is exactly the same near the second bounce point, as well. For this figure, ξ = 2,
ζ = −0.0001 and α = 1 are taken.
Figure 3: The equation of state parameter ω(t) = −k ln(t+)
t
− 1 versus t: The value of ω tends
to negative infinity at the bouncing point t = 0, while after the bouncing point t = 0, the value
of ω varies from −1 to 0, i.e. −1 < ω < 0. However, ω → ∞, for t → ∞, which indicates a
late time cosmic acceleration, as the universe is dominated by a cosmological constant. For this
plot, k = −2.6 and  = −0.0004 are used.
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Figure 4: The equation of state parameter ω(t) = r
ln t
− s versus t: The value of the equation of
state parameter ω lies between -1 and 0 within a neighbourhood of bouncing point t = 0. After
that, the value of ω lies between -1.2 and 0. For this figure, r = −0.0025 and s = 0.2 are taken.
Case I: ω(t) = −k ln(t+)
t
− 1.
Subcase I(a): λ = 0.
ρ =
t
4pi
[
− β
3k ln(t+ ) + 4t
+
αeζt(ζ sin(ξt) + ξ cos(ξt))
k ln(t+ )
]
. (20)
p = −(k ln(t+ ) + t)
4pi
[
− β
3k ln(t+ ) + 4t
+
αeζt(ζ sin(ξt) + ξ cos(ξt))
k ln(t+ )
]
. (21)
Subcase I(b): λ 6= 0
ρ =
t
4pik ln(t+ )(3k ln(t+ ) + 4t)
[
48α3λe3ζt sin2(ξt)(3k ln(t+ ) + 4t)(ζ sin(ξt)
+ ξ cos(ξt)) + 3α2λe2ζt(3k ln(t+ ) + 4t)
(−5ζ2 + ξ2 − 10ζξ sin(2ξt) + 5(ζ − ξ)
× (ζ + ξ) cos(2ξt)) + αeζt(3k ln(t+ ) + 4t) (ζ (−6ζ2λ+ 18λξ2 + 1) sin(ξt)
+ ξ
(
6λ
(
ξ2 − 3ζ2)+ 1) cos(ξt))− βk ln(t+ )], (22)
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(a) Density (ρ): This plot indicates that the
energy density is positive within a neighbor-
hood of the bouncing point t = 0.
(b) Pressure (p): This plot indicates that the
pressure is negative.
(c) NEC (ρ+ p): It is observed that the term
ρ + p is positive near the bounce point t = 0,
which indicates that the NEC is satisfied.
(d) SEC (ρ+ 3p): This figure shows that ρ+
3p > 0 near the throat. From figures (c) and
(d), the SEC is satisfied near the bounce point
t = 0.
(e) DEC (ρ − |p|): For the DEC, we required
ρ > 0 and ρ − |p| >. Hence, from figures (a)
and (e), it is observed that the DEC is satisfied
within a neighborhood of the bouncing point
t = 0.
(f) Stress energy tensor (T ): In this figure, it
is shown that the term ρ−3p > 0, which indi-
cates that the newly defined f(R, T ) function
is well defined.
Figure 5: Plots of density, pressure, NEC, SEC, DEC & stress energy tensor for ω(t) =
−k ln(t+)
t
− 1, with λ = 0, ξ = 2, ζ = −0.0001, α = 1, β = −100, k = −2.6 and  = −0.0004
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p = − (k ln(t+ ) + t)
4pik ln(t+ )(3k ln(t+ ) + 4t)
[
48α3λe3ζt sin2(ξt)(3k ln(t+ ) + 4t)(ζ sin(ξt)
+ ξ cos(ξt)) + 3α2λe2ζt(3k ln(t+ ) + 4t)
(−5ζ2 + ξ2 − 10ζξ sin(2ξt) + 5(ζ − ξ)
× (ζ + ξ) cos(2ξt)) + αeζt(3k ln(t+ ) + 4t) (ζ (−6ζ2λ+ 18λξ2 + 1) sin(ξt)
+ ξ
(
6λ
(
ξ2 − 3ζ2)+ 1) cos(ξt))− βk ln(t+ )]. (23)
Case II: ω(t) = r
ln t
− s.
Subcase II(a): λ = 0.
ρ =
ln(t)
4pi
(
−αe
ζt(ζ sin(ξt) + ξ cos(ξt))
r − s ln(t) + ln(t) −
β
−3r + 3s ln(t) + ln(t)
)
, (24)
p =
ln(t)
4pi
(
r
ln t
− s
)(
−αe
ζt(ζ sin(ξt) + ξ cos(ξt))
r − s ln(t) + ln(t) −
β
−3r + 3s ln(t) + ln(t)
)
. (25)
Subcase II(b): λ 6= 0
ρ = − log(t)
4pi(r − s log(t) + log(t))(3r − (3s+ 1) log(t))
[
− βr + 48α3ζλe3ζt sin3(ξt)
× (3r − (3s+ 1) log(t)) + αeζt sin(ξt)(3r − (3s+ 1) log(t)) (−6ζ3λ+ 18ζλξ2 + ζ
+ 24 α2λξe2ζt sin(2ξt)
)− 6α2λ (5ζ2 − 3ξ2) e2ζt sin2(ξt)(3r − (3s+ 1) log(t))
− 12α2λξ2e2ζt cos2(ξt)(3r − (3s+ 1) log(t)) + αξeζt (−18ζ2λ+ 6λξ2 + 1) cos(ξt)
× (3r − (3s+ 1) log(t))− 90α2ζλξre2ζt sin(2ξt) + 90α2ζλξse2ζt log(t) sin(2ξt)
+ βs log(t) + 30α2ζλξe2ζt log(t) sin(2ξt)− β log(t)
]
, (26)
p = − log(t)
(
r
ln t
− s)
4pi(r − s log(t) + log(t))(3r − (3s+ 1) log(t))
[
− βr + 48α3ζλe3ζt sin3(ξt)
× (3r − (3s+ 1) log(t)) + αeζt sin(ξt)(3r − (3s+ 1) log(t)) (−6ζ3λ+ 18ζλξ2 + ζ
+ 24 α2λξe2ζt sin(2ξt)
)− 6α2λ (5ζ2 − 3ξ2) e2ζt sin2(ξt)(3r − (3s+ 1) log(t))
− 12α2λξ2e2ζt cos2(ξt)(3r − (3s+ 1) log(t)) + αξeζt (−18ζ2λ+ 6λξ2 + 1) cos(ξt)
× (3r − (3s+ 1) log(t))− 90α2ζλξre2ζt sin(2ξt) + 90α2ζλξse2ζt log(t) sin(2ξt)
+ βs log(t) + 30α2ζλξe2ζt log(t) sin(2ξt)− β log(t)
]
. (27)
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(a) Density (ρ): In this plot, it is observed
that the energy density in positive around the
bouncing point t = 0.
(b) Pressure (p): In this plot, it is observed
that the pressure is negative, which could in-
dicate the cause of the accelerated expansion
of the universe.
(c) NEC (ρ + p): In this plot, it is observed
that the NEC is satisfied. Moreover, including
figures (a) and (c), we can say that the WEC
is satisfied as well as near the bouncing point
t = 0.
(d) SEC (ρ + 3p): From figures (c) and (d),
we can say that the SEC is satisfied within a
neighborhood of the bouncing point t = 0.
(e) DEC (ρ − |p|): In figures (a) and (d), we
can say that the DEC is satisfied within a
neighborhood of the bouncing point t = 0.
(f) Stress energy tensor (T ): In this plot, it
is observed that T = ρ− 3p is positive, which
means that the newly defined f(R, T ) function
is well defined.
Figure 6: Plots of density, pressure, NEC, SEC, DEC and stress energy tensor for ω(t) =
−k ln(t+)
t
− 1, with λ = 1, ξ = 2, ζ = −0.0001, α = 1, β = −100, k = −2.6 and  = −0.0004
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(a) Density (ρ): In this figure, it is shown that
the density ρ is positive within a neighborhood
of the bouncing point t = 0.
(b) Pressure (p): In this figure, it is observed
that the pressure is negative throughout the
evolution of the universe.
(c) NEC (ρ+ p): In this figure, it is observed
that the NEC is satisfied, subsequently, from
figures (a) and (c), we can say that the WEC
condition is satisfied, as well.
(d) SEC (ρ + 3p): We can observe from the
figures (c) and (d) that both ρ+ p and ρ+ 3p
are positive, which provides a validation of the
SEC within a neighborhood of the bouncing
point t = 0.
(e) DEC (ρ−|p|): From figures (a) and (e), it
is observed that the DEC is satisfied within a
neighborhood of the bouncing point t = 0.
(f) Stress energy tensor (T ): This figure indi-
cates that T = ρ − 3p is positive throughout
the evolution of the universe, which accounts
for the validity of the f(R, T ) function.
Figure 7: Plots of density, pressure, NEC, SEC, DEC & stress energy tensor and ω(t) = r
ln t
− s,
with λ = 0, ξ = 2, ζ = −0.0001, α = 1, β = −100, r = −0.001 and s = 0.2.
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(a) Density (ρ): The energy density is seen
to be positive, within a neighbourhood of the
bouncing point t = 0.
(b) Pressure (p): The pressure is negative
within a neighbourhood of the bouncing point
t = 0.
(c) NEC (ρ + p): It is shown that ρ + p >
0, which indicates that the NEC is satisfied
near the bouncing point. From Fig. (a), we
can see that the energy density ρ is positive,
hence the WEC is satisfied, as well, within a
neighbourhood of the bouncing point.
(d) SEC (ρ+3p): This plot indicates that ρ+
3p > 0 near the bounce point t = 0. From the
figures (c) and (d), we can say that ρ + p >
0 and ρ + 3p > 0, which indicates that the
SEC is satisfied within a neighbourhood of the
bouncing point.
(e) DEC (ρ − |p|): From figures (a) and (e),
we confirm that the DEC is satisfied within a
neighbourhood of the bouncing point t = 0.
(f) Stress energy tensor (T ): In this plot, it is
observed that T = ρ−3p > 0, which indicates
that our newly defined f(R, T ) function is well
defined.
Figure 8: Plots of density, pressure, NEC, SEC, DEC & stress energy tensor for ω(t) = r
ln t
− s,
with λ = 0, ξ = 2, ζ = −0.0001, α = 1, β = −100, r = −0.001 and s = 0.2.
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5 Hubble parameter versus redshift
In this section, a differential equation for the Hubble parameter with respect to the redshift
is obtained. The values of the parameters present in the differential equation are estimated
using the χ2 test. Then, the differential equation is solved and theoretical values for the Hub-
ble parameter are calculated. Further, the theoretical and observational values of the Hubble
parameter are compared.
Differentiating (18) with respect to t,
dH
dt
= αeζt(ξ cos ξt+ ζ sin ξt). (28)
From Eq. (28) and using the relation 1 + z = a0
a
, we have obtained
(1 + z)H(z)
dH(z)
dz
+ ζH(z) = −αξeζt cos ξt. (29)
Now, using Eqns. (18) and (19), we get
(1 + z)H(z)
dH(z)
dz
+ 2ζH(z) + (ξ2 + ζ2) ln(1 + z) = 0. (30)
The differential equation (30) contains two parameters, ζ and ξ. The values of these param-
eters are obtained by minimizing
χ2(ζ, ξ) =
29∑
i=1
[Hth(ζ, ξ; zi)−Hobs(zi)]2
σ2H(zi)
, (31)
where Hth and Hobs denote theoretical and observed values of Hubble parameter, respectively
and σH(zi) denotes the standard error for each observed value. The present value of the Hubble
parameter is considered as H0 = 67.8 Km/s/Mpc [98]. A total of 29 observational Hubble
parameter data are taken from [99–106]. On the ζ − ξ plane, the likelihood contours for 1σ,
2σ and 3σ errors are drawn in Fig. (9). The values of the parameters ζ and ξ are found to be
equal to -46 and 1.6 respectively for a minimum value 123.567 of χ2. For ζ = −46 and ξ = 1.6,
a numerical solution for the non-linear differential equation (30) is obtained and plotted in Fig.
(10) with respect to the redshift through a continuous curve. In this figure, the bars correspond
to the error between theoretical and observational values of the Hubble parameter. Clearly, it
provides a good fit to the experimental Hubble parameter data with ζ = −46 and ξ = 1.6.
Thus, it enhances the importance of the newly defined Hubble parameter for the present model.
6 Results and discussion
This work has been aimed at studying the cosmological dynamics under a bouncing scenario
within the framework of a spatially flat 4-dimensional FLRW model in a f(R, T ) theory of
gravity. The f(R, T ) function is defined as f(R, T ) = R + λR2 + 2β ln(T ), where λ and β are
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Figure 9: 1σ (yellow shaded), 2σ (mergenta shaded) and 3σ (blue shaded) likelihood contours
on the ζ − ξ plane.
Figure 10: Hubble parameter H(z) versus z: We have considered the present value of the
Hubble parameter to be equal to 67.8 Km/s/Mpc, besides 29 observed Hubble data, ζ = −46
and ξ = 1.6 .
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dimension-full constants and T = ρ − 3p > 0. A parametric form of the Hubble parameter is
also proposed as H(t) = α sin(ξt)eζt, where α, ξ and ζ are arbitrary constants. Subsequently,
the scale factor has been obtained as a(t) = κ exp
(
α e
ζt[ζ sin(ξt)−ξ cos(ξt)]
ζ2+ξ2
)
, where κ is an inte-
gration constant. Since H(t) vanishes at t = 0, pi
k
, 2pi
k
, . . . , npi
k
, the point t = 0 is chosen as a
first bouncing point. The Hubble parameter is plotted in Fig.(1). In the neighborhood of the
bouncing point, we can observe a contraction phase for t < 0, the bounce at t = 0, and an
expansion phase for t > 0. The scale factor is normalized as a = 1 at the bouncing point. In
Fig. (2), in the neighborhood of the bouncing point the scale factor is shown to decrease, for
t < 0, and to increase, for t > 0. Thus, the scale factor gets its non-zero and minimum value at
t = 0.
Moreover, two forms of the EoS parameter are defined. The first form is ω(t) = −k ln(t+)
t
− 1,
where  is very small and k is an arbitrary constant. It is plotted in Fig. (3) with respect to t.
As t increases from 0 to 1− , ω(t) increases from −∞ to −1. Further, as t increases from 1− 
to 2.72, ω(t) increases towards -0.0436542, after what it decreases and approaches the value -1
as t tends to infinity, which indicates that the universe is dominated by a cosmological constant
at late time. Consequently, the late time accelerated expansion stage of our universe can be
naturally realized in this model. The second form of ω(t) is defined as ω(t) = r
ln t
− s, where r
and s are constants, with r < 0 and s > 0. It is plotted in Fig. (4) with respect to t, where
ω(t) is shown to vary from a negative value at t = 0 to the cosmological constant at t = 1.00313.
Using the background of f(R, T ) gravity, the Einstein’s field equations are derived and, using
the EoS parameters discussed above, these equations have been solved. The energy density ρ,
pressure p, and the stress energy tensor T = ρ− 3p have been calculated. In addition to these,
various combinations of ρ and p, used in the following energy conditions, have been determined:
(i) Null energy condition (NEC): NEC ⇔ ρ+ p ≥ 0.
(ii) Weak energy condition (WEC): WEC ⇔ ρ ≥ 0, ρ+ p ≥ 0.
(iii) Strong energy condition (SEC): SEC ⇔ ρ+ p ≥ 0, ρ+ 3p ≥ 0.
(iv) Dominant energy condition (DEC): DEC ⇔ ρ ≥ 0, ρ− |p| ≥ 0.
For each EoS parameter, the computation is performed in two subcases (a) λ = 0 and (b) λ 6= 0.
Summarizing, we have two cases: Case I: ω(t) = −k ln(t+)
t
− 1, with subcases: I(a) λ = 0 & I(b)
λ 6= 0, and Case II: ω(t) = r
ln t
− s, with subcases: II(a) λ = 0 & II(b) λ 6= 0. In Subcases I(a)
and I(b), the terms ρ, p, ρ+ p, ρ+ 3p, ρ− |p| and ρ− 3p are plotted for the variation of t in a
neighbourhood of the bouncing point t = 0, i. e. from 0 to 1−  in Figs. (5) & (6) respectively.
Similarly, in Subcases II(a) and II(b), the results are plotted for the variation of t from 0 to
10, in Figs. (7) & (8), respectively. In each subcase, ρ, ρ + p, ρ + 3p, ρ − |p| and ρ − 3p are
found to be positive. The positivity of ρ − 3p is necessary for the f(R, T ) function to be well
defined and the positivity of ρ, ρ+p, ρ+3p and ρ−|p| implies the absence of exotic matter in a
neighborhood of the bouncing point, in our model, i.e. it only admits normal matter, satisfying
the energy conditions in a neighborhood of the bouncing point.
Modern measurements of redshift and luminosity distance relations of type Ia supernovae
indicate that the expansion of our universe is accelerating. This appears to be in strong dis-
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agreement with the standard picture of a matter dominated universe. These observations can
be accommodated theoretically by postulating that some form of an exotic matter with nega-
tive pressure dominates the present epoch of our universe. This exotic matter has been called
Quintessence and behaves like a vacuum field energy with repulsive (anti-gravitational) charac-
ter arising from the negative pressure. In this paper, for each EoS, the pressure p is found to
be negative, i.e. the universe possesses a negative pressure, which could cause the accelerated
expansion of the universe [107]. In short, by defining appropriate forms of the EoS parameter,
the Hubble parameter and the f(R, T ) function, we have found the existence of a bouncing
universe free from exotic matter and having a non-vanishing and minimum scale factor at the
bouncing point.
7 Conclusions
In this paper, a non-singular bounce in a spatially flat 4-dimensional FLRW model has been
explored by working with two EoS parameters and one novel parametric form of the Hubble
parameter. Einstein’s field equations have been obtained in the framework of f(R, T ) gravity
with a newly proposed f(R, T ) = R+λR2+2β ln(T ) function, where the condition T = ρ−3p > 0
is required, so that the function f(R, T ) is well defined. From Figs. 5(f), 6(f), 7(f), and 8(f), it
is observed that the stress energy momentum tensor T = ρ− 3p is positive. Hence, it turns out
that our new function is well defined and its consistency is justified.
Usually, for general relativity, within the framework of the spatially flat 4-dimensional FLRW
model, violation of the Null Energy Condition (NEC) is unavoidable for a period of time inside
a neighbourhood of the bounce point [92,93]. However, in the present study, we have obtained
that all the energy conditions are satisfied within a neighborhood of the bouncing point, t = 0.
Therefore, we reach here the interesting conclusion that the violation of the NEC is not always
a necessary condition in modified gravity theories; at the very least, for the particular form of
theory here considered, f(R, T ) = R + λR2 + 2β ln(T ), it can be avoided.
Moreover, it is interesting to note that pressure is negative within the neighborhood of the
bouncing point and, subsequently, it decreases to minus infinity throughout the evolution, which
indicates that the universe may evolve indeed to a huge negative pressure stage. This negative
pressure helps us to naturally realize the late time accelerated expansion of our universe. In our
model, the best fit to the experimental results for the Hubble parameter for different redshifts
is determined for these values of the parameters: ζ = −46 and ξ = 1.6.
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Table 1: Hubble Parameter Observational data
S.No. z H(z) σi Reference
1 .090 69 12 [99]
2 .17 83 8 [100]
3 .27 77 14 [100]
4 .4 95 17 [100]
5 .9 117 23 [100]
6 1.3 168 17 [100]
7 1.43 177 18 [100]
8 1.53 140 14 [100]
9 1.75 202 40 [100]
10 .48 97 62 [101]
11 .88 90 40 [101]
12 .179 75 4 [102]
13 .199 75 5 [102]
14 .352 83 14 [102]
15 .593 104 13 [102]
16 .68 92 8 [102]
17 .781 105 12 [102]
18 .875 125 17 [102]
19 1.037 154 20 [102]
20 .44 82.6 7.8 [103]
21 .60 87.9 6.1 [103]
22 .73 97.3 7 [103]
23 .07 69 19.6 [104]
24 .12 68.6 26.2 [104]
25 .2 72.9 29.6 [104]
26 .28 88.8 36.6 [104]
27 1.363 160 33.6 [105]
28 1.965 186.5 50.4 [105]
29 2.34 222 7 [106]
Appendix
Case I: ω(t) = −k ln(t+)
t
− 1.
Subcase I(a): λ = 0.
ρ+ p = −
− kβ ln(t+)
3k ln(t+)+4t
+ αeζt(ζ sin(ξt) + ξ cos(ξt))
4pi
, (32)
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ρ+3p = −(3k ln(t+ ) + 2t)
(
kβ ln(t+ )− αeζt(3k ln(t+ ) + 4t)(ζ sin(ξt) + ξ cos(ξt)))
4pik ln(t+ )(3k ln(t+ ) + 4t)
, (33)
ρ− |p| = t
4pi
[
− β
3k ln(t+ ) + 4t
+
αeζt(ζ sin(ξt) + ξ cos(ξt))
k ln(t+ )
]
(34)
−
∣∣∣∣∣(k ln(t+ ) + t)4pi
[
αeζt(ζ sin(ξt) + ξ cos(ξt))
k ln(t+ )
− β
3k ln(t+ ) + 4t
]∣∣∣∣∣,
ρ− 3p = 1
4pik log(t+ )
[
αeζt(3k log(t+ ) + 4t)(ζ sin(ξt) + ξ cos(ξt))− kβ log(t+ )
]
.(35)
Subcase I(b): λ 6= 0.
ρ+ p = − 1
4pi
[
− βk ln(t+ )
3k ln(t+ ) + 4t
+ 48α3λe3ζt sin2(ξt)(ζ sin(ξt) + ξ cos(ξt)) + 3α2λe2ζt
× (−5ζ2 + ξ2 − 10ζξ sin(2ξt) + 5(ζ − ξ)(ζ + ξ) cos(2ξt))+ αeζt (ζ (−6ζ2λ
+ 18λξ2 + 1
)
sin(ξt) + ξ
(
6λ
(
ξ2 − 3ζ2)+ 1) cos(ξt)) ], (36)
ρ+ 3p =
1
4pik ln(t+ )(3k ln(t+ ) + 4t)
[
(−3k ln(t+ )− 2t) (48α3λe3ζt sin2(ξt)
× (3k ln(t+ ) + 4t)(ζ sin(ξt) + ξ cos(ξt)) + 3α2λe2ζt(3k ln(t+ ) + 4t) (−5ζ2
+ ξ2 − 10ζξ sin(2ξt) + 5(ζ − ξ)(ζ + ξ) cos(2ξt))+ αeζt(3k ln(t+ ) + 4t)
× (ζ (−6ζ2λ+ 18λξ2 + 1) sin(ξt) + ξ (6λ (ξ2 − 3ζ2)+ 1) cos(ξt))
− βk ln(t+ ))
]
, (37)
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ρ− |p| = t
4pik ln(t+ )(3k ln(t+ ) + 4t)
[
48α3λe3ζt sin2(ξt)(3k ln(t+ ) + 4t)(ζ sin(ξt)
+ ξ cos(ξt)) + 3α2λe2ζt(3k ln(t+ ) + 4t)
(−5ζ2 + ξ2 − 10ζξ sin(2ξt) + 5(ζ − ξ)
× (ζ + ξ) cos(2ξt)) + αeζt(3k ln(t+ ) + 4t) (ζ (−6ζ2λ+ 18λξ2 + 1) sin(ξt)
+ ξ
(
6λ
(
ξ2 − 3ζ2)+ 1) cos(ξt))− βk ln(t+ )]
−
∣∣∣∣∣ (k ln(t+ ) + t)4pik ln(t+ )(3k ln(t+ ) + 4t)
[
48α3λe3ζt sin2(ξt)(3k ln(t+ ) + 4t)(ζ sin(ξt)
+ ξ cos(ξt)) + 3α2λe2ζt(3k ln(t+ ) + 4t)
(−5ζ2 + ξ2 − 10ζξ sin(2ξt) + 5(ζ − ξ)
× (ζ + ξ) cos(2ξt)) + αeζt(3k ln(t+ ) + 4t) (ζ (−6ζ2λ+ 18λξ2 + 1) sin(ξt)
+ ξ
(
6λ
(
ξ2 − 3ζ2)+ 1) cos(ξt))− βk ln(t+ )]∣∣∣∣∣, (38)
ρ− 3p = 1
4pik log(t+ )
[
48α3λe3ζt sin2(ξt)(3k log(t+ ) + 4t)(ζ sin(ξt) + ξ cos(ξt))
+ 3α2λe2ζt(3k log(t+ ) + 4t)
(−5ζ2 + ξ2 − 10ζξ sin(2ξt) + 5(ζ − ξ)(ζ + ξ)
× cos(2ξt)) + αeζt(3k log(t+ ) + 4t) (ζ (−6ζ2λ+ 18λξ2 + 1) sin(ξt)
+ ξ
(
6λ
(
ξ2 − 3ζ2)+ 1) cos(ξt))− βk log(t+ )]. (39)
Case II: ω(t) = r
ln t
− s.
Subcase II(a): λ = 0.
ρ+ p =
ln(t)
4pi
(
1 +
r
ln t
− s
)(
−αe
ζt(ζ sin(ξt) + ξ cos(ξt))
r − s ln(t) + ln(t) −
β
−3r + 3s ln(t) + ln(t)
)
,(40)
ρ+ 3p =
ln(t)
4pi
(
1 + 3
( r
ln t
− s
))(
−αe
ζt(ζ sin(ξt) + ξ cos(ξt))
r − s ln(t) + ln(t)
− β−3r + 3s ln(t) + ln(t)
)
, (41)
ρ− |p| = ln(t)
4pi
(
−αe
ζt(ζ sin(ξt) + ξ cos(ξt))
r − s ln(t) + ln(t) −
β
−3r + 3s ln(t) + ln(t)
)
−
∣∣∣∣∣ ln(t)4pi
(
r
ln t
− s
)(
−αe
ζt(ζ sin(ξt) + ξ cos(ξt))
r − s ln(t) + ln(t) −
β
−3r + 3s ln(t) + ln(t)
) ∣∣∣∣∣,(42)
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ρ− 3p = ln(t)
4pi
(
1− 3
( r
ln t
− s
))(
−αe
ζt(ζ sin(ξt) + ξ cos(ξt))
r − s ln(t) + ln(t)
− β−3r + 3s ln(t) + ln(t)
)
. (43)
Subcase II(b): λ 6= 0.
ρ+ p = −
log(t)
(
1 +
(
r
ln t
− s) )
4pi(r − s log(t) + log(t))(3r − (3s+ 1) log(t))
[
− βr + 48α3ζλe3ζt sin3(ξt)
× (3r − (3s+ 1) log(t)) + αeζt sin(ξt)(3r − (3s+ 1) log(t)) (−6ζ3λ+ 18ζλξ2 + ζ
+ 24 α2λξe2ζt sin(2ξt)
)− 6α2λ (5ζ2 − 3ξ2) e2ζt sin2(ξt)(3r − (3s+ 1) log(t))
− 12α2λξ2e2ζt cos2(ξt)(3r − (3s+ 1) log(t)) + αξeζt (−18ζ2λ+ 6λξ2 + 1) cos(ξt)
× (3r − (3s+ 1) log(t))− 90α2ζλξre2ζt sin(2ξt) + 90α2ζλξse2ζt log(t) sin(2ξt)
+ βs log(t) + 30α2ζλξe2ζt log(t) sin(2ξt)− β log(t)
]
, (44)
ρ+ 3p = −
log(t)
(
1 + 3
(
r
ln t
− s) )
4pi(r − s log(t) + log(t))(3r − (3s+ 1) log(t))
[
− βr + 48α3ζλe3ζt sin3(ξt)
× (3r − (3s+ 1) log(t)) + αeζt sin(ξt)(3r − (3s+ 1) log(t)) (−6ζ3λ+ 18ζλξ2 + ζ
+ 24 α2λξe2ζt sin(2ξt)
)− 6α2λ (5ζ2 − 3ξ2) e2ζt sin2(ξt)(3r − (3s+ 1) log(t))
− 12α2λξ2e2ζt cos2(ξt)(3r − (3s+ 1) log(t)) + αξeζt (−18ζ2λ+ 6λξ2 + 1) cos(ξt)
× (3r − (3s+ 1) log(t))− 90α2ζλξre2ζt sin(2ξt) + 90α2ζλξse2ζt log(t) sin(2ξt)
+ βs log(t) + 30α2ζλξe2ζt log(t) sin(2ξt)− β log(t)
]
, (45)
26
ρ− |p| = − log(t)
4pi(r − s log(t) + log(t))(3r − (3s+ 1) log(t))
[
− βr + 48α3ζλe3ζt sin3(ξt)
× (3r − (3s+ 1) log(t)) + αeζt sin(ξt)(3r − (3s+ 1) log(t)) (−6ζ3λ+ 18ζλξ2 + ζ
+ 24 α2λξe2ζt sin(2ξt)
)− 6α2λ (5ζ2 − 3ξ2) e2ζt sin2(ξt)(3r − (3s+ 1) log(t))
− 12α2λξ2e2ζt cos2(ξt)(3r − (3s+ 1) log(t)) + αξeζt (−18ζ2λ+ 6λξ2 + 1) cos(ξt)
× (3r − (3s+ 1) log(t))− 90α2ζλξre2ζt sin(2ξt) + 90α2ζλξse2ζt log(t) sin(2ξt)
+ βs log(t) + 30α2ζλξe2ζt log(t) sin(2ξt)− β log(t)
]
−
∣∣∣∣∣ log(t)
(
r
ln t
− s)
4pi(r − s log(t) + log(t))(3r − (3s+ 1) log(t))
[
− βr + 48α3ζλe3ζt sin3(ξt)
× (3r − (3s+ 1) log(t)) + αeζt sin(ξt)(3r − (3s+ 1) log(t)) (−6ζ3λ+ 18ζλξ2 + ζ
+ 24 α2λξe2ζt sin(2ξt)
)− 6α2λ (5ζ2 − 3ξ2) e2ζt sin2(ξt)(3r − (3s+ 1) log(t))
− 12α2λξ2e2ζt cos2(ξt)(3r − (3s+ 1) log(t)) + αξeζt (−18ζ2λ+ 6λξ2 + 1) cos(ξt)
× (3r − (3s+ 1) log(t))− 90α2ζλξre2ζt sin(2ξt) + 90α2ζλξse2ζt log(t) sin(2ξt)
+ βs log(t) + 30α2ζλξe2ζt log(t) sin(2ξt)− β log(t)
]∣∣∣∣∣, (46)
ρ− 3p = −
log(t)
(
1− 3 ( r
ln t
− s) )
4pi(r − s log(t) + log(t))(3r − (3s+ 1) log(t))
[
− βr + 48α3ζλe3ζt sin3(ξt)
× (3r − (3s+ 1) log(t)) + αeζt sin(ξt)(3r − (3s+ 1) log(t)) (−6ζ3λ+ 18ζλξ2 + ζ
+ 24 α2λξe2ζt sin(2ξt)
)− 6α2λ (5ζ2 − 3ξ2) e2ζt sin2(ξt)(3r − (3s+ 1) log(t))
− 12α2λξ2e2ζt cos2(ξt)(3r − (3s+ 1) log(t)) + αξeζt (−18ζ2λ+ 6λξ2 + 1) cos(ξt)
× (3r − (3s+ 1) log(t))− 90α2ζλξre2ζt sin(2ξt) + 90α2ζλξse2ζt log(t) sin(2ξt)
+ βs log(t) + 30α2ζλξe2ζt log(t) sin(2ξt)− β log(t)
]
. (47)
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